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HAMILTON-JACOBI THEORY IN fc-SYMPLECTIC FIELD 

THEORIES 

M. DE LEON, D. MARTIN DE DIEGO, J.C. MARRERO, M. SALGADO, AND S. VILARINO 

Abstract. In this paper we extend the geometric formalism of Hamilton- 
Jacobi theory for Mechanics to the case of classical field theories in the k- 
symplectic framework. 
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O . 1. Introduction 

The usefulness of Hamilton- Jacobi theory in Classical Mechanics is well-known, 
giving an alternative procedure to study and, in some cases, to solve the evolution 
^% ' equations [Ij • The use of symplectic geometry in the study of Classical Mechanics 

3 , has permitted to connect the Hamilton- Jacobi theory with the theory of lagrangian 

submanifolds and generating functions. 

At the beginning of the 1900s an analog of Hamilton- Jacobi equation for field 
theory has been developed (13] , but it has not been proved to be as powerful as the 
theory which is available for mechanics [1 [3 HH [H HI US] . 

Our goal in this paper is to describe this equation in a geometrical setting. 

Let us recall that there are two different ways to describe a field theory, say 
multisymplectic and fc-symplectic geometry. A multisymplectic structure abstracts 
the canonical geometry of bundles of exterior forms, in the same way that symplectic 
geometry captures the essential facts on cotangent bundles [B]. On the contrary, a 

k 

fc-symplectic structure is locally equivalent to the Whitney sum {T^)*Q = T*Q(B ■ ■ ■ 
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®T*Q of /c-copies of the cotangent bundle T*Q. In any case, given a Hamiltonian 
function, both geometric structures produce the field equations. 

The aim of this paper is to extend the Hamilton- Jacobi theory to field theories 
just in the context of /c-symplectic manifolds (we remit to |11[ for a description in 
the multisymplectic setting). The dynamics for a given hamiltonian function H is 
interpreted as a family of vector fields (a /c-vector field) on the phase space {Tl)*Q. 
The Hamilton- Jacobi equation is of the form 

d{H o 7) = 0, 

where 7 = (71, . . . ,7^) is a family of closed 1-forms on Q. Therefore, we recover 
the classical form 

H{q\ -^— , . . . , -^"1-) = constant . 

where 7^ = dWi. It should be noticed that our method is inspired in a recent result 
by Carinena et al (this method has also used to develop a Hamilton- Jacobi 
theory for nonholonomic mechanical systems [10] ; see also [HI |H] ) . 

The paper is structured as follows. In Section 2, we recall the notion of fc-vector 
field and their integral sections. In Section 3 we discuss /c-symplectic Hamiltonian 
field theory and the Hamilton- Jacobi equation in that context. The corresponding 
result in the lagrangian description of the field theory is obtained in Section 4. 
Finally, an example is discussed in Section 5, with the aim to show how the method 
works. 

2. Geometric preliminaires 

In this section we briefly recall some well-known facts about tangent bundles of 
fc^-velocities (we refer the reader to [131 HH UHl IHl 120] for more details). 

Let TM ■ TM — > M be the tangent bundle of M. Let us denote by T^M the 
Whitney sum TM® .'f . ®TM of k copies of TM, with projection t : TlM — > M, 
t{vix, • ■ • ; '^'kx) — 2;, where vax S T^M , 1 < A < k. T^M can be identified with the 
manifold Jq{R'',M) of the fc^-velocities of M, that is, 1-jets of maps 77 : R'^ — > M 
with source at S M*^, say 

Jgi {R'' , Af ) = TM® . ^ . (BTM 

jixV = {vix,---,Vkx) 

d 
where x = 77(0), and vax = ^'?('-')(^^ )■ Here (i^, . . . ,t'') denote the standard 

coordinates on MJ' . T^M is called the tangent bundle of k^ -velocities of M or simply 
fc-tangent bundle for short, see [TO] . 

Denote by (a;*,w*) the fibred coordinates in TM from local coordinates (a;*) on 
M. Then we have fibred coordinates {x'^,v\), 1 < i < m, I < A < k, on T^M, 
where m = dim A/. 

Definition 2.1. A section X : M — > T^M of the projection r will be called a 
A:- vector field on M. 

Since T^M is the Whitney sum TM® .^ . ®TM of k copies of TM, we deduce 
that to give a fc-vector field X is equivalent to give a family of k vector fields 
Xi, . . . , Xk on M by projecting X onto each factor. For this reason we will denote 
a fc-vector field by (Xi, . . . , Xfc). 

Definition 2.2. An integral section of the k -vector field X = {Xi, . . . , Xk), passing 
through a point x e M , is a map ip: Uq C M'^ — ;■ M , defined on some neighborhood 
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Uq o/O e R'', such that 

xPiQ) ^ X, Ti^ (^\] = XA{ip{t)) , for every t e [/o, 1 < A < A: 

or, what is equivalent, tjj satisfies that X o ijj = ip^-^' , being ip^^' is the first prolon- 
gation of ij] to T^M defined by 

V'(^) : Uo C M'-' — > TlM 

t -^ ^(^){i)^jli,t, 

where ipt{s) — ip{t + s). 

A k-vector field X — {Xi, . . . ,Xk) on M is said to he integrable if there is an 
integral section passing through every point of M . 

In local coordinates, we have 

^(i)(i\ . . . , t'^) = (yii^\t\. . . , t^-), |^(i\ ■ • ■ , i')) , 1 < A < fc, 1 < z < m , (2.1) 

and then ■0 is an integral section of (^i, . . . , Xk) if and only if the following equa- 
tions holds: 

d_ 

'dqi' 

Notice that, in case k—\^ Definition 12 . 21 coincides with the definition of integral 
curve of a vector field. 



X\o%}; l<A<k, l<i<m 



being Xa^ X\- 



3. fc-SYMPLECTIC HAMILTONIAN FIELD THEORY AND THE HAMILTON- JACOBI 

EQUATION 

In this section, we shall recall the fc-symplectic Hamiltonian formulation for 
classical field theories, (see [21 [2D] for more details). Later, we shall describe the 
Hanrilton-Jacobi problem in this setting. 

3.1. fc-symplectic Hamiltonian field theory. Let Q be a configuration manifold 
with local coordinates [q^), 1 < i < n and T*Q its cotangent bundle with fibered 
coordinates {q^ ,pi). Denote by ttq ■.T*Q^Q the canonical projection. Define the 
Liouville 1-forni or canonical 1-form 9q by 

{Oq)o.{Y) = a{TTTQ{Y)), where Y e T^{T*Q) 

The canonical 2-form ljq on T*Q is the symplectic form ujq = —dOq. Therefore, 
we have 

Oq = Pi dq' , UJQ ^ dq' A dp^ . (3.1) 

Denote 

{TlyQ^T*Q(B-'^-(BT*Q 
the Whitney sum of T*Q with itself fc times. We introduce coordinates {q^,pj, . . . , 
pf ) and the canonical projections 

Uq : {TlYQ -^Q,Ua: [TITQ -^ T*Q 

where A indicates the summand A-th in the Whitney sum. 

We can endow {T^)*Q with a fc-symplectic structure given by the family of fc 
canonical presymplectic forms (w^, . . . ,0;*"'), where 

cj^ = n*A{cjQ). 
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Therefore, we have 

Denote also by 9"^ = n^(6'Q). 

Remark 3.1. Let us recah that a fc-symplectic structures is given by a family of 
k two- forms satisfying some compatibility conditions (see [21 [Sj [T5j [TBI [ITl [18] ) . * 

Consider a Hamiltonian H : {T^)*Q — > M. The field equations are then ob- 
tained as follows. 

Consider the mapping 

b : niinrQ)^T*iinrQ) 

k 

z = (zi, . . . , Zfe) i-> \>{z) = trace (i^^ uj^) ^ ^ izA^"^ 

A=l 

Then, we look for the solutions of the equation 

\>{Z) = dH . (3.2) 

Notice that Z = {Zi, . . . , Zk) is a fc-vector field on {T^)*Q, that is, each Za is a 
vector field on {T^)*Q. 

Using a local coordinates system (q^jpf) on {T^)*Q, each Za is locally given by 



^^^^V + ^^-'^^a^ 



Therefore, we obtain that the equation (|3.2p is locally expressed as follows: 

Now, if Z is integrable, an integral section of Z 

satisfies the Hamilton equations 

da' dH A daf dH ,^ ^, 

W^d^"" ' Z.a^ = -a7°-- (3-4) 

-^'' A=l ^ 

Let us observe that ii Z = {Zi, . . . , Zk) G kcr b then 

k 

Zh = , ^(Z^)f = 0. (3.5) 

A=l 

3.2. The Hamilton- Jacobi equation. The standard formulation of the Hamilton- 
Jacobi problem for Hamiltonian Mechanics consist of finding a function S{t, q') 
(called the principal function) such that 

If we put S{t,q') — W(q'')—t-constant, then W : Q —?■ R (called the characteristic 
function) satisfies 

, dW 
H{q\ -^-^) — constant . (3.7) 

Equations p.6p and p.7p are indistinctly referred as the Hamilton- J acohi equa- 
tion in Hamiltonian Mechanics. 
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In the framework of the fc-symplectic formahsni, a Hamihonian is a function 
H G C°°{{T^)*Q). In this context, the Hamilton- Jacobi problem consists of finding 
k functions W^ , . . . ,W'' : Q ^R such that 



H{q\ 






dW'' 



) = constant 



(3.8) 



In this section we give a geometric version of the Hamilton- Jacobi equation 

Let 7 : Q — > {Tl)*Q be a closed section of Uq : {TlYQ — > Q. Therefore, 
7 = (7^, . . . ,7*^) where each 7 is an ordinary closed 1-form on Q. Thus we have 
that every point has an open neighborhood U d Q where there exists k functions 
W^ e e°°(C/) such that 7^ = dW^. 

Now, let Z be a fc-vector field on {T^)*Q. Using 7 we can construct a fc-vector 
field Z'^ on Q such that the following diagram is commutative 



(T^TQ ■ 



■nmrQ) 



Q 



ZT 



Tl^aQ 



-^Th 



that is. 

Let us remember that for an arbitrary differentiable map / : A^ — > M, the induced 
map T^f : T^N ^ T^M is defined by T^f{vi,, . . . , Vk,) = (TJivi,), ..., T,/K,)). 

Notice that the /c-vector field Z defines k vector fields on {T^)*Q, say Z = 
{Zi, . . . , Zk). In the same manner, the fc-vector field Z'^ determines k vector fields 
onQ, sayZ'' = (Z7,...,Z^). 

In local coordinates, if each Za is locally given by 
then ZZ has the following local expression: 



77 _ 



(^>7)^. 



(3.9) 



Theorem 3.2. (Hamilton- Jacobi Theorem) Let Z he a solution 0/ the Hamilton 
equations H3. 2\) and 7 : Q — ;► (T^)*Q be a closed section ofTlg : {T^)*Q — > Q, 
that is, 7 = (7^, . . . ,7'') where each 7 is an ordinary closed 1-form on Q. If Z is 
integrable then the following statements are equivalent: 

(i) If a: U C M.'^ ^ Q is an integral section of Z'* then ^ o a is a solution of 

the Hamilton equations; 
(ii) d{H o 7) = 0. 



Proof. The closeness of the 1-forms 7"* 



•jfdq^ 



states that 



dqi dq^ 



(3.10) 



(i) => (li) 



6 M. DE LEON, D. MARTIN DE DIEGO, J.C. MARRERO, M. SALGADO, AND S. VILARINO 



Let US suppose that 7 o a{t) = (cr*(i),7/^((7(i))) is a solution of the Hamilton 
equations for H, then 



da' 



dH 



7(<T(t)) 



and > 

t)) f^ 



dilfoa) 



A=l 



dt^ 



dH 



7(^(t)) 



Now, we will compute the differential of the function H o j: Q 






dH 

dpf 



.7) 



97/ 



\dq' 



(3.11) 



(3.12) 



Then from ((3l0)) . ((XTTt and (|3l^ we obtain 



d(iJo7)(a(t)) = [^ 



E 

A=l 
k 

E 

A=l 



dH 

l(a(t)) dpf 

dilfoa) 



97 



7(a(t)) dqi 



a{t) 



dqHa{t)) 



dt^ 

dilfoa) 



dt^ 



da^ 
W 

da^ 



d% 



t dq' 



t dqi 



Tit) 



a{t) 



dq'{a{t)) 



dqHa{t)) =0 



the last term being zero by the chain rule. Since Z is integrable, the fc-vector field Z'^ 
is integrable, then for each point q G Q we have an integral section a: C/q C K.'^ — > Q 
of Z'^ passing trough this point, then 

d{H o 7) = . 

(m) ^ (z) 

Let us suppose that d{H o 7) = and a is an integral section of Z'' . Now we 
will prove that 7 o cr is a solution to the Hamilton field equations, that is p. lip is 
satisfied. 

Since d{H o 7) = 0, from (j3.12[) we obtain 



dH dH djf 



(3.13) 



From 



and p.gp we know that 



dH 



and then since a is an integral section of Z"' we obtain 

da' dH 

T = r o T o (T . 

dt^ dpf ' 
On the other hand, from ((3?T0| . ([3TT3)) and ((3H)) we obtain 



(3.14) 



E 

A=l 



djif o'y) 
dtA 



E, d'jf .da^ ^r-^ djf . , uii 



dH 



..1 -. dt^ t:^^' ""'9p. 



o a) 



,dl 



dH 



dH 






dpi 



dq^ 



O 7 O (T 



A=l "^ "O 

and thus we have proved that 7 o cr is a solution to the Hamilton field equations. 



D 
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Remark 3.3. In the particular case k — 1 the above theorem can be found in [TT]. 
o 

Theorem 3.4. Let Z be a solution of the Hamilton equations \3.'2\) and 7 : Q — > 
{TlYQ he a closed section ofliq : {T^)*Q — > Q, that is, 7 = (7^, . . . ,7*^) where 
each 7 is an ordinary closed 1-form on Q. Then, the following statements are 
equivalent: 

(i) Zo-i-Tl-i{Z'<) ekerb 
(ii) d{Ho^) = 0. 

Proof. We know that if Za and 7^ are locally given by 

d 
then Z^ = {Z\ o 7);^—- Thus a direct computation shows that Z o 7 — Tl^{Z'^) € 

ker b is locally written as 

where {Ya)^ = 0. 

Now, we are ready to prove the result. 

Assume that (i) holds, then from p.3p . (|3.5I) and (\3.15\i we obtain that 



(Z^)fo7-(Z^o7)^ o7)^(y^)fo7(_o7) . (3.15) 



k 



= ^ (Z^)fo7-(Z>7) 



A=l 



dpf ' " dqi 



= -((- 07) +(^07)^1 

where in the last identity we are using the closeness of 7 (see p.lOp '). Therefore, 
diHoj) = (see (I3l2ll 'l. 

The converse is proved in a similar way by reversing the arguments. 

D 

Remark 3.5. In the particular case k — 1 the above theorem can be found in [[TT] . 
o 

Remark 3.6. It should be noticed that if Z and Z'* are 7-related, that is, Za = 
Tj{Zj^), then d{H o 7) = 0, but the converse does not hold. o 

Corollary 3.7. Let Z be a solution of i3.^) . and 7 a closed section of Hq : 
{Tl)*Q — > Q, as in the above theorem. If Z is integrable then the following 
statements are equivalent: 

(i) Zo^-T^j{Z'') ekerb; 
(ii) d{H o 7) = 0; 

(iii) If a: [/ C M'^ — > Q is an integral section of Z'' then ^ o a is a solution of 
the Hamilton equations. 

The equation 

d{Ho-f) = (3.16) 
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can be considered as the geometric version of the Hamilton- Jacobi equation for 
fc-symplectic field theories. Notice that in local coordinates, equation p.l6p reads 
us 

H{q^:^i [q)) — constant . 
which when ^^ — dW^, where W"^ : Q -^' M is a function, takes the more familiar 
form 

H(q^ , ■ ) ~ constant . 

4. The Hamilton- Jacobi problem and the /c-symplectic Lagrangian 

field theory 

4.1. fc-symplectic Lagrangian field theory. Consider now the Lagrangian for- 
malism. Let L e C°°{T^Q) be a regular Lagrangian function, that is, the Hessian 

matrix ( — -. -) has maximal rank. We can endow T^Q with a fc-symplectic 

structure given by the family of k 2-forms (uij^, . . . , uj^), where 

and FL : T^Q — > {T^)*Q is the Legendrc transformation introduced by Giinther 

dL 
[5]. In local coordinates FL{q^, v\) = (q*, tt^)- Thus we have 

fjT 

Denote also by Of; = FL*{e^). 

We define the Lagrangian energy function as El = A(L) — L where A e X{T^Q) 
is the Liouville vector field, that is, the infinitesimal generator of the fiow 

i/j-.RxT^Q-i'T^Q , ■il;{s,viq,...,Vkq) = {e''vlq,...,e''vkq)■ 
As in the Hamiltonian formalism, we consider the mapping 



^UJ^ 



z = {zi, . . . , Zk) >-^ \>l{z) = trace (iz^wf) = ^ i^^l 

First we study the kernel of b^ . 

Let Z = {Zi, . . . , Zk) be a fc- vector field on T^Q, that is, each Za is a vector 
field on T^Q locally given 



^^ = ^A^-7 + (ZaYb 



then 

^l{Zi, . . . ,Zk 



dq' ' ^""dv'g 



^dq^dv'^ dq3dv\'^^ dv'gdvY^' 



dq' 



(4.1) 



— ■ Z\ dv^B 

dv-'gdv\ 



Therefore, since L is regular, (Zi, . . . , Zk) G kerbL if and only if 

Za = ^ . -^{ZAys^O- (4.2) 

ovqOVj^ 
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Now, we look for the solutions of the equation 

\)L{Z)^dEL (4.3) 

which is locally expressed as follows: 

Then, if Z is integrable, an integral section 
satisfies the Euler-Lagrange equations 

4.2. Hamilton-Jacobi problem on T^Q- 

In this section we formulate the Hamilton-Jacobi problem on the tangent bundle 
of fc^-velocities. 



In the section 13.21 we comment that the Hamilton-Jacobi problem in the k- 
symplectic framework consists in finding k functions W^, . . . ,W'' : Q — > M such 
that 

H{q\-g—,---,-g—) ^constant (4.6) 

In a geometric terms, equation (j4.6p can be written as iJ o (dW^, . . . ,dW'^) = 
constant, where {dW^, . . . , dW'^) is a section of the tangent bundle of fc^-covelocities, 
{T^YQ. As we have seen in the section 13.21 we look for a closed section 7 = 
(7^, . . . ,7*^) of Hq such that H o j = j*H = constant. Let us observe that the 
section 7 is closed, and hence locally exact, 7'^ = dW^. The condition ^7 = 
can be alternatively be expressed in terms of the canonical forms (w^, . . . ,tL''^) in 
the form "f*uj^ = 0, A = 1 . . . , fc, so that one can reformulate the Hamilton-Jacobi 
geometric problem in the form: find a section 7 = (7^, . . . ,7*"') : Q -^ {T^YQ of 
Hq such that 

-y* H ^ constant , 7*^^ = 0, A = l,...,fc. (4.7) 

Consider now the Lagrangian fc-symplectic formalism. Let L e C°°{T^Q) be a 
regular Lagrangian function and 9^,uj-£, A — l,...,k the associated Lagrangian 
forms. A literal translation of the above formulation of the Hamilton-Jacobi prob- 
lem for the tangent bundle of fc-'^-covelocities to the tangent bundle of fc^-velocities 
would be: to find a section X — {Xi , . . . , Xk) '■ Q ^f T^Q of t such that 

X*El= constant , X*wf = 0, A = l,...,k, (4.8) 

where E^ denotes the energy function associated to L. The last family of conditions 
X*w^ = 0, A = 1, . . . , fc implies that the section X is associated (at least locally) 
with a mapping W — {W^ , . . . , W^) : Q — > M''" by means of the relation X*Of — 
dW^. In fact, 

= X*uj'^ = -d{x*ei) 

then, the 1-form X*9f^ is closed and therefore locally exact, thus there is a function 
W^ : Q — s> K defined on a neighborhood of each point of Q, such that, X*9f^ = 
dW^. Locally, this means 

dL _ dW^ 
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In this section we will give a geometric version of the Hamilton- Jacobi equation 

(USD. 



Theorem 4.1. Let X — {Xi, . . . ,Xk) be an integrable k -vector field on Q such 
that X*UJY^ = 0. Then, the following statements are equivalent: 

(i) If a: U C K*^ -^ Q is an integral section of X then a^^' is a solution of 

the Euler- Lagrange equations; 
(ii) d{EL oX)^0. 

Proof. Since X*ujf = we have that the 1-forms X*6f are closed. The closeness 
of this 1-forms states that 

d^L ^^ f d^L ,A 9X^ d^L ^^ ( d^L A dX'^ ,_, 

^oX+\ ; -oX] ^ = ^oX+\ ^oX\ ^ (4.9) 

dqidv\ \dv'l,dv\ J dqJ dtdv\ \dv%dv\ I dq^ ^ ' 

where Xiq)^iq,X^s{q)). 

In first place, let us suppose that a-{t) = (cr'^it)) is an integral section of X 

Xaoct=^, (4.10) 

such that a''^^ is a solution of the Euler-Lagrange equations. 

We will prove that d{EL o X) = along a. Now, we compute the differential of 
the function El o X : Q ^ M.. In local coordinates we obtain that 

ELoX = X\i-^oX)-LoX 
then 

diELoX)=(x:,(,^ox + i-^oX)^)-^ox)dq^.ii.n) 



\dq^dv\ dvgdv\ dq^ J dq^ 

Therefore, from (|i?5|) . (g^, (|ITTU)) and (|i?TT|) we obtain 

d{EL o X){a{t)) 

aqWv\\x(a(t)) dv%dv\\X(a(t)) Oq^ l(T(t) oq^ \X(a(t))J 

vrf M-^r ^'^ I , c'"^ I 9X1,1 \ dL\ .,,. ,,, 

dq'dv\\x{a{t)) 9«|au^lx{<T(t)) dq' \a(t)) 9gJ lx(<T(t))' 

do'\ d^L I d^a" j d^L I _aL, ,^,..^^^ 

Thus d{EL oX) = along a and since the fc- vector field X is integrable, for each 
point q Cz Q we have an integral section a of X passing trough this point, then 

d{EL o X) = . 
The converse is proved in a similar way by reversing the arguments. D 

Theorem 4.2. Let Z be a solution of the Euler-Lagrange equations C7M) and 
X : Q — > T^Q be a section of t : T^Q — > Q, such that X*ujy^ — 0. Then, the 
following statements are equivalent: 

(i) ZoX-T^X{X)ekev\)L 
(ii) d{EL oX) = 0. 



HAMILTON- J ACOBI THEORY IN fc-SYMPLECTIC FIELD THEORIES 11 

Proof. A direct computation shows that if Za and Xa are locaUy given by 

then 

{ZaYs ° ^ - ^A^j (^ ° X) (4.12) 

Now, we are prepared to prove the result. 

Assume that (?) holds, then from (|T^ . (|i^ and (|4.12l) we obtain that 

= ( (ZaYb o X - X^.^] i-^^ o X) 

9L ^ ^, f d^L ^ . d^L ^.dX%\ 

= Tr-°X-X\\ -oX + { — ■ -oX)^— 2- 

dq' ^ \dq^dv\ dv)^dv\ dq' J 

where in the last identity we are using the closeness of X*9f^ (see (|4.9p ). Therefore, 
d{EL oX) = (see (liTTD ). 

The converse is proved in a similar way by reversing the arguments. 

n 



Corollary 4.3. Let Z be a solution of (RT5p, and X an integrable k -vector field on 
Q such that X*u}"^ = 0. Then the following statements are equivalent: 

(i) ZoX-TlX{X)eker\?L; 
(ii) d{EL oX) = 0; 

(iii) If a: U C M. ^ Q is an integral section of X then a^^' is a solution of 
the Euler- Lagrange equations. 

The equation 

d{EL oX):^0 (4.13) 

can be considered as the geometric Lagrangian version of the Hamilton- Jacobi equa- 
tion for fc-symplectic field theories. Notice that in local coordinates, the equation 
(|¥1^ reads us 

EL{q\X\{q')) ^ constant. (4.14) 

If X*a;f = 0, then = X*a;f = -X*de^ = -d{X*0^), we have that every point 
has an open neighborhood U C Q where there exists k functions W^ S G°°{U) such 
that 



dW'' = X*0t^ij—oX)dq' 

and then in local coordinates this means 

dL ^^ dW^ 

— o A = — . 

dv'^ dq'- 

If the Lagrangian L is regular, then the Legendre transformation EL is a local 
diff'eomorphism, then in a neighborhood of each point of T^Q we have H — E^ ° 
EL-^. Therefore, if we consider the section 7 = {X*el, ..., X*9'l) : Q -^ {T^)*Q, 
locally given by 

7(9) = (9, -TT— ) 

dg' q 
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we have 

= EL{X{q)) = EL{q\X\{q^)) = constant 
and thus (I4.14p takes the form 

H in , ^ . ) = constant , 
^ dq' 

where H ^ El o FL-^ . 



5. Example 

Vibrating string. In this example we consider the theory of a vibrating string. 
Coordinates {t^,t'^) are interpreted as the time and the distance along the string, 
respectively. 

Let us denote by (q,p^,p'^) the coordinates of (rj^)*]^ and let us consider the 
Hamiltonian 

H: {Ti)*R -^ M 

{q,P,p) ^ :^[— — 

where a and r are certain constants of the mechanical system. In a real string, 
these constants represent the linear mass density, that is, a measure of mass per 
unit of length and Young's module of the system related to the tension of the string, 
respectively. 

Let 7: R ^ (T2^)*M be the section of ttr defined by 7(g) = {aqdq, bqdq) where a 
and b are two constants such that ra^ = ab^. This section 7 satisfies the condition 
d{H o 7) = 0, therefore, the condition (i) of the Theorem 13.21 holds. 

The 2- vector field Z^ = {Z^ , Z]) is locally given by 

-^ a d . b d 

Z{ = -qTT , ^2 = 1^ 

a oq T oq 

If ■0 : M^ ^ M is an integral section of Z'' , then 

dip a ^ dipi & , 



thus 



^(t\i2) = Cexp [^t^-^e], Ce 



By Theorem 13.21 one obtains that the map = 7 o f/), locally given by 

{t\t^)^{^{t\e),a^{t\t')M{t\t^)). 
is a solution of the Hamilton equations associated to iJ, that is. 






d-ip 

- a-r-r 

dt^ 


(7 


dip 
dt^ 


T 


dip 
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Let US observe that from this system one obtains that ^ is a solution of the 
motion equation of the vibrating string, that is, 

adiitp - Td22'il' = 0, (5.1) 

where ip{t^,t'^) denotes the displacement of each point of the string as function of 
the time t^ and the position t^. 
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